1. Introduction. "Frost heave" refers to an uplifting of the ground surface owin to freezing of water within the soil. It is ubiquitous in regions subject to prolonge freezing temperatures. Its typical magnitude exceeds that which would result from the mere expansion of water upon freezing (~10%). This additional heaving arises from the freezing of water drawn upward into the soil by a mechanism of cryostatic suction, which will be discussed in a subsequent section. The water which is drawn upwards typically freezes in a series of discrete ice lenses separated by frozen soil. These can range in thickness from microscopic dimensions to several centimetres in laboratory experiments, and may be even larger in the field. A distinction is drawn in the literature between a hypothetical situation in which there is a sharp interface between frozen and unfrozen regions (termed primary frost heave), and the (observed) situation where there is a thin region of partially frozen soil, termed a frozen fringe, between frozen and unfrozen soil. This situation is that of secondary frost heave (Miller, 1978) and forms our concern in this paper. When frost heave is laterally nonuniform, it is referred to as "differential frost heave." The latter can involve random heaving or can be in the form of regularly spaced earth mounds which constitute a form of patterned ground.
Frost heave is important because its potentially large magnitude and lateral nonuniformity can cause massive damage to roads, pipelines, and structures. It can also be beneficial; indeed, it accounts in part for why 75% of the freshwater resources of the earth are stored as ice. It may also prove to be of value in providing an indicator of global climate change, since the features of some forms of patterned ground are quite sensitive to environmental conditions. Significant progress has been made in our. understanding of secondary frost heave since the seminal papers by Taber (1929) , (1930) and Beskow (1935) . A review of this progress has been given by Black (1991) , and a review of the physics of frost heave models was given by O'Neill(1983) . Much recent effort has been centered in the experimental and theoretical investigations of Miller and co-workers at Cornell, and this has culminated in the development of the so-called "rigid ice" model of secondary frost heave (O'Neill and Miller, 1985) which appears to explain many of the most prominent features of secondary frost heave. In order to understand their model, one must recognise two important features of the pore pressure in freezing soils. The first may be thought of as due to chemical effects associated with clay platelets, whereby in the presence of ice and water phases, water preferentially wets the soil particles. This leads to the existence of a thin (adsorbed) film between soil and ice, in which the excess molecular attraction between water and soil leads to an anisotropic pressure tensor, in which the lateral component Pll is less than the normal component p +/-. The difference Pd--P. --Pll is known as the disjoining pressure, and is discussed by Vignes-Adler (1977) and Gilpin (1979) , among others. It can be taken as a function of the local film thickness h (with Pd as h 0), and an analysis of the local lubrication dynamics of the film allows one to determine whether or not the film thickness can go to zero. The mechanism of frost heave is then thought to occur if the film cannot close, so that as an ice front moves downwards into unfrozen soil, the soil particles are physically pushed downwards relative to the ice: or equivalently the ice moves upwards.
The resultant heave is amplified by the second important feature of the pore pressure in freezing soils, namely cryostatic suction. That is to say, an excess water flux upwards causes heave beyond that associated with expansion on freezing, and this flux is driven by a pressure gradient in the pore water Pw. Gold (1957) associated this pore water pressure gradient with a surface tension force at the ice-water interface, and Koopmans and Miller (1966) demonstrated that, by analogy with drying-wetting processes of unsaturated soils, one could prescribe the capillary suction Pi-Pw as a function of the local volumetric water fraction W within the frozen fringe, Pi-Pw-- f(W), where f decreases as W increases, and depends on soil type. While the magnitude of the upward water flux (and base heave) is determined by this capillary suction, the existence of a disjoining pressure is essential in order that soil particles can be forced apart and thus allow ice lenses to form. However, the magnitude of this disjoining pressure does not affect the amount of heave, but rather the film thickness between grains.
During freezing of water-saturated soils, this results in a pressure gradient parallel to the temperature gradient which draws water upward._As more water is drawn upward and frozen, the resulting ice supports progressively more of the load on the soil; this load arises from the weight of the overlying soil and any structures on the surface. Eventually the ice pressure can support the full load, thereby permitting the soil particles to separate. This initiates the formation of an ice lens which increases in thickness as more water is drawn upward. Ice-lens growth is suppressed by continued freezing within the pores which decreases the water hydraulic conductivity of the soil. In time another ice lens will be initiated which cuts off the water flow to the ice lens above it. In this manner, the alternating layers of ice lenses and soil are created which constitute the frost heaving process.
O ATT, where is an empirical constant. An expression of just this form has been derived by Gilpin (1979) . Note that the soil matrix velocity v is identically zero everywhere below the lowest ice lens where thermal regelation is occurring. Equation (10) implies that the ice velocity will not be constant unless the temperature gradient is constant; this in turn implies that even for quasi-steady-state heat transfer, there will be a jump in the ice velocity across the frozen fringe. Hence, these two models for thermal regelation will yield different results; both will be explored in this paper.
2.2.2. Region above the frozen fringe. Now let us consider the conservation equations applicable above the frozen fringe. The region between zt and z in which freezing of pore water is still occurring can be shown to be quite thin. Therefore, we will ignore any latent heat effects in the energy equation above the frozen fringe, although these will be accounted for in our overall energy balance across the frozen fringe. Hence, since the ice lenses prevent permeation, only unsteady-state heat conduction is involved above the frozen fringe which is described by (1)- (3) and (11)- (13) then constitute the differential equations describing our secondary frost-heave model.
Equations (4), (6), and (8) imply that the conservation equations can be recast in terms of three dependent variables: T, W, and Pw, for which appropriate initial and boundary conditions must be specified. In addition, we need to specify auxiliary conditions for determining the heave rate, frost-penetration velocity, and for initiating new ice lenses. We will not specify initial conditions here, since later we will show that quasi-steady-state can be assumed.
Equations (1) and (6) written for both the lower and upper fringe imply that four boundary conditions are needed for Pw. These are found from the following: (14) Pi P at z zt, (15) [Pw =0 atz=z, (16) [Un]+_=0 at z=zf, (17) Pw=P= atz=z b.
The notation ]+ denotes the jump across the boundary and U U.n, in which n is a unit normal vector directed upward. The above introduce p, the basal value of the ground-water (gauge) pore pressure, and P, the applied load (gauge) pressure; here we will ignore the weight of the soil and assume that P arises solely from a load on the surface such as some structure.
Equation (14)states that the ice pressure at the base of the lowest ice lens is equal to the load pressure. This equation is equivalent to a boundary condition on the unfrozen water pressure, since Pi and Pw are related via the cryostatic suction, which for a given soil, is (18) Pi -Pw =/(W).
The function f(W)will differ markedly depending on the soil type as illustrated in Fig. 2 . Curve a represents a fine-grained, low porosity soil such as clay which can exhibit very large cryostatic suction. Curve b represents a more porous soil such as silt which displays moderate suction. Curve c represents a highly porous material such as sand which exhibits negligible suction. The difference between the curves is due to the expression of Pi-Pw as 2yiw/rp, where Yi is the ice-water surface tension (about 33 mN m -1) and rp is a mean pore diameter, which can be expected to be related to grain size (Miller, 1980 (4) and (8) imply that one boundary condition is required for W. This is given by (21) W=b atz=zf.
Equations (3), (11), and (13) imply that six boundary conditions are needed for T.
These are given by the following: (22) T=T atz=zs,
[T]+-=0 atz=z, ) [T]+_=0 at z=zf, Equation (22) represents a prescribed subfreezing temperature T at the ground surface. Equation (23) is the Clapeyron equation relating the freezing temperature to the unfrozen water and ice (gauge) pressures.
Auxiliary equations are needed to determine the heave rate and the frostpenetration velocity. These are determined from overall water mass and energy balances across the frozen fringe. We will defer deriving these balances until we have simplified the description of the frozen fringe in 3.
The above system of equations applies to the unsteady-state heat and mass transport which occur between the formation of successive ice lenses. The problem definition is completed by specifying the criterion for formation of a new ice lens. In order for ice lenses to form discretely rather than continuously, we must have Pe >--0; (29) or to a tangency point for the two curves in Fig. 3 shown by the vertical dashed line. Hence, our criterion for initiating a new ice lens is given by
Other features of Fig. 3 such as the significance of the dash-dotted line will be discussed later. We also will discuss the implications of (30) Fig. 3 , which illustrates the phenomenology involved :in ice-lens formation. Recall that a new ice lens will be initiated at the point of tangency between the two curves in Fig. 3 ; see (30) . Figure 3 illustrates schematically the shape of Pw-P as given by (40) and (41) The description of our generalized secondary frost-heave model is now complete. This model consists of the quasi-steady-state energy equation, which must be solved above and below the frozen fringe, subject to boundary conditions at the ground surface and basal plane, along with jump conditions at the freezing front zf. The latter constitute two boundary conditions expressed in terms of nine interrelated equations. In the next section, the model equations will be nondimensionalized and the nine equations required to specify the jump conditions at zf will be reduced to two equations to be solved for the frost-penetration rate, Vf, and heave rate, G.
4. Nondimensionalization and reduction. In order to obtain the minimum parametric representation for this secondary frost-heave model, let us nondimensionalize the describing equations using the following dimensionless variables:
in which d -z b is the conduction length scale. Equation (56) (41), (51)- (53), and (55)- (57) Gilpin (1979) . The values of the hydraulic conductivity were obtained from Freeze and Cherry (1979) . Table 1 We shall see that /3t is a type of critical parameter which characterizes the nature of secondary frost heave in different soil types.
The typical parameter values in Table 1 indicate that /z--10 -2. This suggests that the heave velocities predicted by the two different thermal regelation models obtained by substituting either (70) or (72) into (65) can differ markedly for finegrained soils such as clays which are characterized by very small values of/3t.
5. Results and discussion. In this section we first will develop an analytical solution for one-dimensional frost penetration which will permit us to assess the principal features of secondary frost heave in different soil types. We then will consider a special form of this solution for one-dimensional step-freezing which allows a qualitative comparison with laboratory experiments on secondary frost heave. Finally, we will discuss the implications of the generalized secondary frost-heave model developed here for differential frost heave.
5.1. One-dimensional frost penetration. For one-dimensional frost penetration, our simplified secondary frost-heave model requires a solution to the following differential equation"
The dimensionless boundary conditions are given by the following: (77) T=-I atz=z s, (78) [T]+-=0 atz=zf, (1 + 6) (1 +/)(6-W) (86) A
A similar description of one-dimensional secondary frost heave in terms of two coupled ordinary differential equations was obtained by Piper et al. (1988) . However, they did not invoke jump conditions across the frozen fringe and therefore had to solve a somewhat more complicated problem numerically. Moreover, the parameter/ is not explicit in their model and must be determined via iteration in their numerical solution.
Equations (84) and (85) (1985) . However, this is not quantitatively possible at present owing to insufficient details on the numerical algorithm and input parameters used by O'Neill and Miller. The form of (85) Similarly, the approximation becomes invalid as W/ 0, i.e., /m + 0. This is practically irrelevant since the dimensionless unsaturated effective pressure N= (P-p)/o will be nonzero (and in reality depends on the porosity b).
In Fig. 6 , we indicate schematically our results for heave rate. We have put a vertical line at a nominal value N N o > 0 corresponding to zero load. There is a nominal association between soil type and the behaviour of/3m, and Fig. 6 represents the situation where we suppose sand and silt have /m as in Fig. 5 (b) (low and medium p, q) while clay has the behaviour of Fig. 5(a) . If the p, q values for silt are higher than those for sand, then the corresponding N value (N= N c) where /3 --') is higher. Then Fig. 6 is consistent with the statements: sands do not generally heave (N o > Nc); silts heave a lot, but only small loads (N < No); clays heave slowly, but indefinitely large loads. Obviously these conclusions are malleable, but are consistent with the overall observations. The dotted portions of the curves are unreliable, as the approximation in (42) breaks down, and the overall trend is a decrease in heave rate with increasing load.
5.2.
Step-freezing analysis. Let us now consider the implications of the frost heave model developed here for step-freezing experiments in which a soil initially at a uniform temperature is suddenly subjected to a constant subfreezing surface temperature. Experiments of this type have been used by Tabor (1929 Tabor ( ), (1930 , Feldman (1988) , and others to study the characteristic thickness and spacing of ice lenses in frost heave. The general observations are that the ice-lens thickness increases monotonically and that the ice-lens spacing increases to a constant value as the freezing front penetrates further into the soil.
We will consider step-freezing in a clay for which a --/3 << 1, thus implying that z is quite small relative to z b and zf. Hence, (84) and (85) (1985) both functionally (the 1/2 and behaviour is similar) and quantitatively, although a precise comparison with experimental studies is not possible owing to a lack of relevant data used in the earlier experiments. Numerical solutions of (84) and (85) have been given by Fowler and Noon (1993) .
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That is, for very long frost-penetration times, the interlens spacing tends to a constant and the time of formation as well as the local ice-lens thickness tends to infinity. This predicted behavior also is observed during step-freezing experiments. (65) . The solution to the differential frost-heave problem is beyond the scope of this paper. However, we can provide some discussion on how the one-dimensional equations must be developed in order to provide insight into differential frost heave.
It can be shown that the generalized secondary frost-heave model developed here contains a potential instability mechanism whereby differential frost heave can occur. This instability mechanism might explain the striking regularity of some forms of patterned ground such as earth hummocks which are known to be accompanied by secondary frost heave (see Krantz et al. (1988) and Krantz (1990) .
In the case of differential frost heave, an additional equation is needed to relate the deformation of the frozen soil to the stress acting on it. It is reasonable to assume that the soil remains incompressible, that the frozen region above zf behaves elastically, and that the elastic strains respond quasi-statically to lens production. A tractable model for small variations in the local heave rate based on thin shell theory is given by 0P (120) Ot -Evi' where E is a dimensionless group which is proportional to the modulus of elasticity. More complex models could certainly be used, although information on the required material properties may be difficult to obtain. In addition, the O'Neill-Miller prescription of ice velocity as u -ui(t) is no longer viable, and must be replaced by a different model such as Gilpin's equation (59 ice-lens formation occur, is quite thin. Moreover, the pressure drop which drives the water permeation within the fringe is confined to an extremely thin boundary layer. A computational scheme which does not recognize these two features of secondary frost heave necessarily will be quite inefficient and difficult to implement. We averted these difficulties by using proper asymptotics to describe the permeation boundary layer and by reducing the frozen fringe to a moving planar boundary across which jump boundary conditions are prescribed.
The nondimensionalization indicated that secondary frost heave is characterized by one dimensionless parameter, namely /3 defined by (68). The markedly different secondary frost heave behavior of clays, silts, and sands can be explained solely in terms of this parameter.
The generalized model developed here is amenable to an analytical solution which appears to describe all the principal features of step-freezing experiments. It predicts the gradual increase in the time required to initiate consecutive ice lenses and in the thickness of subsequent ice lenses. It also predicts that the interlens spacing initially increases and eventually become constant. These predictions are in agreement with step-freezing experiments.
Our model provides considerable insight into the coupled mechanisms operative in secondary frost heave. We see that the latter arises because of cryostatic suction effects which can cause upward permeation of additional water which contributes to ice-lens growth. The cryostatic suction increases with decreasing unfrozen water content because of the increasing curvature of the water-ice interface. The functional relation between the suction and unfrozen water content is characteristic of the particular soil. Sands, silts, and clays display a progressively more marked increase in suction with decreasing water content. An increase in load causes a decrease in the unfrozen water content as dictated by the Clapeyron relation and thereby an increase in the suction. However, an increase in load also makes it more difficult to initiate a new ice lens since a larger disjoining pressure, and hence suction, is required to cause separation of the soil grains. The implications of these two opposing effects of an increase in load are that new ice lenses are initiated most easily for clays, which exhibit secondary frost heave under nearly all load conditions, but are rarely seen in sands. The magnitude of frost heave depends on the hydraulic conductivity, which is smallest for clays and largest for sands. For this reason, clays exhibit relatively small heave. The largest frost heave is exhibited by silts which can display significant suctions while maintaining reasonably large permeation rates.
An interesting potential application of our generalized model is to the study of spatial instabilities of secondary frost heave. The generalized equations developed here provide a framework for exploring this instability mechanism which is of considerable interest since it may describe forms of patterned ground known to be influenced by differential frost heave.
Further studies of secondary frost heave should be directed toward considering more complex soil behavior allowing for elastic deformation and compressibility of the soil. The model developed here also can be extended to incorporate solutal effects on the freezing temperature and the influence of nonsaturated soils on secondary frost heave.
